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ABSTRACT

This paper summarizes the current state-of-the-art
on uniform random number generation for stochas-
tic simulation. It recalls the basic ideas, discusses
some linear methods and their theoretical analysis,
and provides pointers to further details and to rec-
ommended implementations.

1 WHAT IS A GOOD RNG?

Without a good random number generator (RNG),
simulation results are often meaningless. And ques-
tionable generators are still all over the place, so many
experiments rest on shaky foundations. Why this
problem was not solved long ago? Because it is not
so easy. A so-called RNG actually produces a totally
deterministic and periodic sequence of numbers, once
its initial state (or seed) is chosen. This is in total
contradiction with the assumption of a sequence of in-
dependent and identically distributed (i.i.d.) random
variables, and there is no clean way to completely
reconcile these two opposite aspects. Therefore, ev-
erything we do in this context is heuristic. This be-
ing said, the heuristic arguments lead to criteria that
need theory to be analyzed.

A RNG has a state that evolves in a finite state
space S, according to a recurrence of the form sn =
f (sn � 1), n � 1, where the initial state s0 2 S is called
the seed, and f : S ! S is the transiti on function.
At step n, the generator outputs un = g(sn ), where
g : S ! [0; 1] is the output function. The output
sequence of the RNG is thus f un ; n � 0g. The output
space could be more general, but we shall assume here
that it is the real interval [0; 1]. Since S is finite, the
sequence must be periodic (possibly after some initial
transient). Let � be the period length. Typically,
one has � near jSj, that is, � � 2b if the state is
represented over b bits, otherwise there is a waste of
computer memory.

We now momentarily forget the deterministic na-
ture of the RNG and view the un as random vari-
ables. This could make sense if, for example, the
seed s0 and/or some parameters of the functions f
and g are chosen at random. Define the null hy-
pothesis H0: “The un are i.i.d. U(0; 1) (i.e., uniform
over the interval (0; 1)) random variables”. This hy-
pothesis H0 means that for each n and t, the vec-
tor un = (un ; : : : ; un +t � 1) is uniformly distributed
over the t-dimensional unit hypercube I t = [0; 1]t .
Of course, this cannot hold, due to the finiteness of
S. But for small t, a discretized version of it could
hold, as follows.

Replace the interval [0; 1] by the finite set ZZm =
f 0; 1=m; 2=m; : : :; (m � 1)=mg for some large integer
m, and suppose that s0 is random, uniformly dis-
tributed over S, which is assumed to be of cardinality
� . Consider the hypothesis H 0

0: “u0 (and therefore
each un ) is uniformly distributed over the set ZZt

m ”.
The hypothesis H0

0 can hold exactly only if � is a mul-
tiple of mt . In practice, � is often slightly smaller than
a multiple of mt , and H0

0 can hold approximately. For
t such that mt � � , the set Ψ = f un ; 1 � n � � g is
only a small fraction of ZZt

m . In this case, which points
of ZZt

m should be in Ψ? Our opinion is that the points
of Ψ should be uniformly spread over ZZt

m , for all t
up to some reasonably large value determined by our
analysis capabilities. This is our main criterion for
discriminating among generators and for construct-
ing what we call “good ones”.

As a realistic illustration, let m = 230 and � �
2210. Then, H0

0 can hold approximately, if the gen-
erator is well designed, for t � 7. For t > 7, the
fraction of ZZt

m that can be covered by Ψ is approxi-
mately 2� 30(t � 7). As t increases, this fraction quickly
becomes extremely tiny, and nothing can be done
against this, aside from increasing � .

Note that our reasoning makes sense only if s0 is
random and if � is huge. One may argue that the
points of Ψ should look like random points over ZZt

m
instead of being too evenly distributed. But if Ψ is
viewed as a sample space from which points are taken
















